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Abst ract - - In  this paper, we shall give a combinatorial proof of the following equation: 
77, m 
m~ 
E Z "'" Z kl!k2! ...kn-l!' 
0<:kl ~_min(1,vn} 0~kl +k2 ~_min{2,vn~* O(klTk2+...Tkn_l(min(n-l,m) 
where m and n are positive integers, m _< n, and kl, k2,.. •, kn-1 are nonnegative integers. 
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1. INTRODUCTION 
In [1], Benjamin and Juhnke gave a combinator ial  proof of the following equation: 
n~ no= E E " E 
0~k l~ l  0~k lTk2~_2 O~_kl+k2+...+kn-l(_n-1 
where n is a posit ive integer and k l ,k2 , . . . ,  kn-1 are nonnegative integers. In this paper,  we 
generalize their  result and give a combinatorial  proof of the following equation: 
n m 
m~ 
E E "'" E kl!k2!...kn-l!' 
O<_kl ~min{1,m} O_<kl +k2_<min(2,rn} O< kl +k2 +...+k~- l_<min~n- 1,m} 
where m is a posit ive integer, m _~ n, and n and kl ,  k2 , . . .  ,kn-1 are defined as above. We 
use an example to i l lustrate the above formula. To compute 42 by using the above formula, 
n -- 4, m -- 2, and the possible values of kl ,  k2 and ks are l isted as follows: 
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The formula can be derived as follows: 
Z 
kl k2 k3 
0 0 0 
0 0 1 
0 0 2 
0 1 0 
0 1 1 
0 2 0 
1 0 0 
1 0 1 
1 1 0 
E 
2! 
kl!k2!k3! 0_<k~_<min{1,2} 0<kl+k2<min{2,2} O<kl+k2+k3<_min{3,2} 
2! 
: Z Z E kl!k2 k3  
0_<kl_<l 0<k~Tk2~2 O<_kj.+ku+ka<_2 
2! 2! 2! 2! 2! 2! 2! 2! 
=2+2+1+2+2+1+2+2+2 
= 16. 
2! 
1!170! 
2. PREL IMINARY 
Most of the notations are the same as in [1], but for the sake of completeness, we will repeat 
most of them. A p-sequence (denoted by Pn,m) al, a2 , . . . ,  an is an integer sequence of size n 
in which ai is between 1 and n for i = 1 ,2 , . . . ,m and ai = i i f />  m, where 1 <_ m _< n. For 
example, 
531335577111112 
is P12,10. Counting in the obvious way, there are n m total P~,m p-sequences. 
As is done in [1-3], we define a p-graph Gn,m as a directed graph with vertex set {1, 2 , . . . ,  n} 
in which every vertex has out-degree I and, for i _< m, the directed edge from i can be adjacent o 
any vertex of this graph (including itself); otherwise, the directed edge from i has to be adjacent 
to itself. For example, Figure 1 shows a G12,10. We can set up a one-to-one correspondence 
between p-sequences and p-graphs as follows: let the directed edge originating at vertex i of a 
p-graph terminate at vertex j ,  where ai = j in the corresponding p-sequence. For example, see 
Figure 1. al = 5, since vertex 1 is adjacent o vertex 5. Similarly, a2 = 3,a3 = 1, etc. The 
p-sequence P12,10 
531335577111112 
corresponds to the p-graph of Figure 1. 
1 5 6 
~ : 
9 
10 12 
4 8 
Figure i. A p-graph G12,1o. 
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For a p-graph Gn,m, the cycle set C is defined as the set of all of the vertices in Gn,m which are 
contained in at least one cycle of Gn,m. The cardinality of cycle set C is denoted by ICI. We call 
the edges formed a cycle in Gn,m cycle edges. We can reduce a p-graph to a forest by removing 
all of the cycle edges in G~,.~ and let the vertices in C be the roots of the subtrees of the forest. 
For example, consider the p-graph in Figure 1 again. The cycle set C is {1, 3, 5, 11, 12}. The 
forest constructed by removing cycle edges is as follows: 
5 
9 8 
1 3 11 12 
4 10 
Figure 2. The forest constructed from the graph in Figure 1. 
An ordered forest is a forest in which the roots are placed in increasing order from left to right, 
and doing the same for all sibling sets (i.e., children of the same vertex). We call the ordered 
forest generated by this way from a p-graph G,,m a p-forest, and use Fn,m to denote it. Clearly, 
each p-sequence has a unique corresponding p-graph. For example, the p-forest F12,10, generated 
by doing this to the p-graph of Figure 1, is shown in Figure 3. 
1 3 5 11 12 
• • 
10 
8 9 
Figure 3. The p-forest Fi2,1o of the graph in Figure 1. 
3. THE NUMBER OF  P-GRAPHS 
Before validating our formula, we introduce how we can obtain the sequence kl, k2, . . . ,  kn- i  
from a p-forest Fn,m- First, we label a p-forest in postorder. The algorithm of postorder traversal 
of a forest is as follows (see [4, p. 334]): 
1. Traverse the subtrees of the first tree in postorder. 
2. Visit the root of the first tree. 
3. Traverse the remaining trees in postorder. 
The vertices are labeled from 0 to n - 1 by their visited order. Let post(v) be the number 
assigned to vertex v by postorder traversal. For example, the post(v) of the vertices in the 
p-forest of Figure 3 are as follows: 
post(v) 0 1 :3 2 8 4 7 5 6 9 10 11 
Let kpost(v) denote the number of children of vertex v. Thus, we can uniquely determine the 
sequence ko, k i , . . . ,  kn- i  from a p-forest Fn,m. We call the sequence a k-sequence. Note that ko 
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must always be 0. In Figure 3, ki through kil are equal to 0, 0, 2, 0, 0, 0, 2, 2, 0, 1, 0, respectively. 
In [1], Benjamin and Juhnke showed that 0 _< kl +k2 3-. . -3-kj  < j ,  fo r j  = 1,2 . . . .  ,n -1 .  In our 
generalized case, we have to show that 0 < kl 3- ks +. . .  3- kj <_ min{j, m}, for j = 1 ,2 , . . . ,  n - 1. 
LEMMA 1. Suppose that the k-sequence kl, k2, . . . , k,~-i is determined from a p-forest F,~,m which 
is generated from a p-graph Gn,m. Let C be the cycle set Of Gn,m. Then, ki + k2 3- " "  3- kn-1 
+lc I  = n .  
PROOF. By definition, there are n vertices in Fn,m and [C[ is the number of roots of the subtrees 
of Fn,m. Since every child has a unique parent and a root will not be a child of any vertex in a 
forest, ki 3- k2 3-.. .  3- kn-  1 is the number of nonroot vertices in Fn,m. Therefore, ki 3- ks 3-.. • 3- kn-  i 
3-[C[ = n. | 
LEMMA 2. Let C be the cycle set ofap-graph  Gn,m. Then, [C[ >_ n - m. 
PROOF. By the definition of a p-graph Gn,m, the directed edge from vertex i, m < i < n, has to 
be adjacent o itself. It means that there are at least n - m elements in C. Thus, [C[ > n - m 
and the lemma follows. | 
LEMMA 3. Let ki,  k2 , . . . ,  kn-1 be a k-sequence of the p-forest generated from a p-graph Gn,m. 
Then, 0 <_ kl +ks  + ' "  + k i <_ min{j,m}, for j = 1 ,2 , . . . ,n -  1. 
PROOF. In [1], they showed that 0 <_ kl + k2 + ... + kj _< j,  for j = 1 ,2 , . . . ,n  - 1. I f  we can 
prove that kl + ks + ..- + kj < m, for j - 1, 2 , . . . ,  n - 1, then the theorem follows. To prove 
kl + k2 +. . .  + kj <_ m for j = 1, 2 , . . . ,  n -  1, we only need to show that kl 3- k2 3-. . .  3- kn-1 ~_ m. 
By Lemmas 1 and 2, we can obtain 
kl 3- ks "k "'" 3- kn-1 = n - [C[ 
_ n - (n - m) 
~m.  
This completes the proof. | 
It remains then to show that there are m!/k l !k21. . ,  k,~-i! Gn,m p-graphs with the k-sequence 
kl, k2, . . . ,  k,~-l. Before proving this theorem, define that an unlabeled p-forest is a p-forest Fn,m 
in which every vertex is unlabeled except he last n - m roots. Moreover, the last n - m roots 
are labeled by m+ 1, m+2, . . . ,  n, respectively. For example, any unlabeled p-forest F12,10 with 
k-sequence 0, 0, 0, 2, 0, 0, 0, 2, 2, 0, 1, 0 must look like Figure 4. We can see that the last two roots 
are labeled by 11 and 12, respectively. 
Figure 4. Unlabeled p-forest Fi2.10. 
LEMMA 4. An unlabded p-forest Fn,m with the k-sequence k l ,k2 , . . . , kn - l ,  can be labeled 
m ! / k l ! k2 ! . . . kn-l[([C[ - ( n - m ) ) ! ways, where I C [ is the number of  roots in F,,,~ . 
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PROOF. In [4, exercise 2.3.2.10, p. 345], it is proved that every unlabeled rooted forest is charac- 
terized by its postorder degree sequence. Hence, our k-sequence completely determines the shape 
of a p-forest. Note that the last n - m roots of an unlabeled p-forest must be labeled by the se- 
quence m+ 1, m+2, . . . ,  n in a fixed way. Therefore, there are m!/kl!k2[.. ,  kn_l[( ICI-  (n -m)) !  
ways to label an unlabeled p-forest F~,m. | 
LEMMA 5. Each labeled p-forest F~,m with root set C #yes rise to (ICI - (n - m))! p-graphs. 
PROOF. By the definition of a p-graph G~,m, each nonroot vertex in Gn, m has out-degree 1. In 
Fn,m, each vertex has a directed edge pointed to its parent. Thus, only roots in Fn,m has to 
be considered when adding directed edges to Fn,m in order to get a p-graph. However, each of 
the last n - m roots has a directed edge pointed to itself in the corresponding Gn,m. Therefore, 
there remains the first ICI - (n - m) roots in Fn,m which have to add directed edges. Since only 
one directed edge can be added to each vertex and the first ICI - (n - m) roots of Fn,m must 
be in one of the cycles in Gn,m, each of the first ICI - (n - m) roots of F~,m must point to and 
be pointed to by exactly one of them (including itself) in Gn,m. We can find that the first root 
can point to one of the first ICI - (n - m) roots of F~,m. The second root can point to one of 
the ICI - (n - m) - 1 remaining roots except he root pointed by the first root. With the same 
reasoning, there are (ICI - (n - m))[ p-graphs which can be obtained by adding directed edges 
to the roots of a p-forest Fn, m. This completes the proof. | 
LEMMA 6. There are m!/kl[k2[ • .. kn- l [  Gn,m p-graphs with k-sequence kl, k2 , . . . ,  kn-1- 
PROOF. By Lemma 4, an unlabeled p-forest Fn, m with k-sequence kl, k2,. •., kn-1, can be labeled 
m!/kl[k2!.. ,  kn_l!(ICI - (n - m))! ways, where ICI is the number of roots in Fn,m. By Lemma 5, 
each labeled p-forest Fn,m with root set C gives rise to (ICI - (n -m) ) [  p-graphs. Therefore, the 
number of p-graphs Gn,m which can be obtained from k-sequence kl, k2, . . . ,  kn-1 is 
m! m! 
kl!k2!.. ,  k - !(ICI - m))!  ( IC l -  (n - - -  
We summarize our result as the following theorem. 
THEOREM 7. 
0_<kl_<min{ 1,ra} O<_kl+k2<_min{2,m} O<kl+k2+...+kn_l<_min{n-l,m} 
m! 
kl!k2!.., kn- l ! '  
where n and m are positive integers, m <_ n, and kl, k2, . . . ,  kn-1 are nonnegative integers. 
PROOF. By Lemmas 3 and 6, this theorem can be proved easily. 
4. CONCLUDING REMARKS 
In this paper, we give a combinatorial proof of the following formula: 
m~ 
nm = Z Z Z 
0<kl<_min{1,m} O<_kl+k2<_min{2,m} O<kl+k2+...+k,._l<min{n-l,rn} 
where m and n are positive integers, m < n, and kl, k2, . . . ,  ha-1 are nonnegative integers. We 
can see that if m = n - 2, it is equal to the number of labeled trees n n-2. We are studying 
whether it is an another way to prove Cayley's formula [1,3]. 
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